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at is generative modeling?

Original dataset new data aiming to resemble the dataset
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at is generative modeling?

Generative modeling is a cornerstone of modern Al, powering applications from image
generation to drug discovery.

Image generated by Midjourney Molecule generated by RFdiffusion 3/23



What is generative modeling?

Setup:
We are given a dataset X, X, ..., X, € R9.
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What is generative modeling?

Setup:
We are given a dataset X, X, ..., X, € R9.

Model:
We suppose that there exists p* € P(R?) such that X; ~ p* are iid.

Goal:

Find an algorithm A : (RY)" x RY — R? such that given the dataset Xi, ..., X,,

A(X1, ..oy X, -) - RY — R9 is a function that takes in entry an independent seed Z ~ v and
outputs a new point A(Xy, ..., Xp, Z) € RY that "resembles" the dataset.
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What is generative modeling?

AX, ... Xn, Z4)

Goal: A(Xq, ..o, Xy, - )pv = p*

5/23



What is generative modeling?

Setup:

We are given a dataset X, Xo, ..., X, € RY.

Model:

We suppose that there exists p* € P(R?) such that X; ~ p* are iid.
Goal:

Find an algorithm A : (R?)" x RY — RY such that for v € P(RY) easy-to-sample :
taking ﬁ(Xl; . Xn) = ./4()(17 eeey Xy -)#Z/7

Ex, - pr {M(,a(xl, ...,X,,),p*)} is small,

for M(-,-) a metric on P(RY).
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A brief history of diffusion models

Sohl-Dickstein et al. (2015)
= First clear diffusion-based generative model.
= Forward noising + learned reverse dynamics.

= Beautiful idea, but limited visual quality.

Song et al. (2020)
= Score-based generative modeling through
SDEs.
= Modern mathematical formulation of
diffusion models.

= Strong sample quality and major revival of
the field.
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Forward SDE (data — noise)

. dX, = —X,dt + /2dB;
Xo -

< Xo
dX; = (X; + 2s7_+(X;))dt + V2dB;

Reverse SDE (noise — data)



Recap on SDEs

A stochastic differential equation (SDE) has the form
dYt - a(t7 Yt) dt + b(t, Yt) dBt—7 YO ~ /JO7
where:

= a(t, x) is the :
» b(t,x) is the

= (Bt)r>0 is a Brownian motion.
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Recap on SDEs

A stochastic differential equation (SDE) has the form
dYt - a(t7 Yt) dt + b(t, Yt) dBt—7 YO ~ /JO7
where:

= a(t, x) is the :
» b(t,x) is the

= (Bt)r>0 is a Brownian motion.

It is understood in integral form:

t t
Y=Y +/ a(s, Ys)ds —|—/ b(s, Ys) dBs.
0 0
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Recap on SDEs

Data Noise
Forward Process -~

X0 )~ | X7
Reverse Process

—— SDE

\.

f

\.

( /

Figure 1: Figure by Andrew Chan
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Recap on It6 integral

For an adapted square-integrable process (Y:)¢c[a,5), the is defined as

n— o0

b Pn
/ Y, dB; := lim Z Yio (B — By )
a j:]-

where
a=ty<tf <---<t] =b, max |t — t ;| —— 0,
J

and

are independent.
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The forward process

The corresponds to

d?t = _)Agt dt + \/idBt./ )A{O ~ p*.
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The forward process

The corresponds to
dX; = — X, dt +V2dB,,  Xo~ p*.
The solution can be written as

Xe=e Xo+V1—e 26, £~NO 1), &1 Xo

s Att=0: X; = Xp ~ p*.

N
= For large t: py = L(X:) becomes close to a Gaussian law.
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Fokker—Planck equation

Consider the diffusion

dY, = a(t, Y;) dt + b(t, Y;)dB;,  X(t,x):= b(t,x)b(t,x)".
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Fokker—Planck equation

Consider the diffusion
dY, = a(t, Y;) dt + b(t, Y;)dB;,  X(t,x):= b(t,x)b(t,x)".
Let p; denote the density of Y;. Using It&'s formula we get for every smooth test function ¢,

L Elo(Yo)l = B[a(t. o) Vo(Ve) + S THE(E, Yo T2e(Ye)]

Since E[p(Y:)] = [ ¢(x)p:(x) dx, an integration by parts gives
d
depe(x) = =V - (a(t, x)pe(x)) + % Z 9y (Zij(t, x)pe(x)).

ij=1
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The reverse process

Start from the forward Ornstein—Uhlenbeck diffusion

—

dX, = —Xe dt +V2dB,, X ~ p*,

whose density p; solves
Oepr =V - (xpt) + Apy.
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The reverse process

Start from the forward Ornstein—Uhlenbeck diffusion

—

dX, = —Xe dt +V2dB,, X ~ p*,

whose density p; solves
Oepr =V - (xpt) + Apy.

To reverse time, fix T > 0 and set g; := p7_:. For b; >0,
0:qr = =V - (xqt) — Ag:
==V ((X +(1+ bf)V log Qt) Qt) + bEAQt-

Hence we can take as backward process

dX, = (xt 4 (1+ b))V log pT_t(Xt)) dt +V2b dB.,  Xo ~ pr.
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Sampling with Score-Based Generative models

Forward Process (OU):
dX; = —Xcdt +v2dB,, Xo ~ p*
Fix T>0, by>0 andwrite p;:= Iaw()?t), s(t,x) = Vlog p:(x)
Backward Process:
dX, = (xt (14 b2) - s(T - t,Xt)>dt +V2bedB,, Xo~ pr

law(X7_¢) = Iaw()_(;)
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Sampling with Score-Based Generative models

Forward Process (OU):
dX; = —Xedt +V2dB,, Xo~ p*
Fix T>0, by>0 andwrite p;:= Iaw()?t), s(t,x) = Vlog p:(x)
Backward Process:
dX, = (xt (14 b2) - s(T - t,Xt)>dt +V2bedB,, Xo~ pr
law(X7_¢) = Iaw()_(;)
In practice:
dX, = (Xt +(1+b2) - §(T - t,)“q)) dt + V2bedB;, KXo ~ N(0, 1d)

with § an estimator of s.
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Intuition on the score function

Assume that p* is supported in B(0, R), and let
I~3t = p* *N(0,0’?/d).

Far from the support (||x|| > R), the Gaussian factor =4
dominates: -

—lx=y?/(207)

~ e —Ix]I? o2

pe(x) = /P*(Y) T2rod)d? dy ~ Cie IMI/G70),
t

Pl ~

Hence
. X
Vlog pr(x) = —=.
Ot

V log p:(x) points inward
and grows like ||x|| /o2 in the tails
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We have
) = [ pulx | 36) o)
so differentiating under the integral:
_ Vpe(x) 1

Viog () = =P = s / V.pe(x | x0) po(0) oo
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We have
) = [ pulx | 36) o)

so differentiating under the integral:

V log pe(x) = Vp”(g) =15 [ Tepdx o) ntoo)

_ o pu(x | x) PEX I X0)Po(x0)
= [ Ttog (x| 0) P IR0
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We have
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We have
) = [ pulx | 36) o)
so differentiating under the integral:

V log pe(x) = Vp”(g) =15 [ Tepdx o) ntoo)

= [ Vatogpitx x)"(x'p();’(” dxo = E[V log pe(x | Xo) | Xe = x].

For the Gaussian channel X; = a; Xy + o+¢ with e ~ N(0, 1),

X — i X
Vi log pi(x | Xo) = —07;0,

t

1 1
V log pe(x) = —?(x —a:E[X | X, = x]) = —ZE[e | X = .
t

t
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Learning the score by regression

From the score trick we have

arfgeTzinE{Hf(Xt) + %g”ﬁ = <x — E[fg%s ’ Xe = XD = (x = Vlog p:(x))
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Learning the score by regression

From the score trick we have

arfgeTzinE{Hf(Xt) + %g”ﬁ = <x — E[fg%s ’ Xe = XD = (x = Vlog p:(x))

soforall t >0

1
Viogp: € argmin E  x_ {H de(e X +oY)+ —Y ||2}
Peel? Y ~N(0,1d) Ot

How to approximate it in practice (Denoising score matching):
Choose a neural network class S and compute

5 1¢ _ 1
§ € argmin — Z | pe(e™ X + 0 Vi) + = Yi |2
¢:€S n i—1 Ot

with X; ~ p*, Y; ~ N(0,1d) and 0; = V1 — e 2L
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The algorithm in practice

Training phase
We learn a score estimator 5(t, x) = V log p:(x).
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The algorithm in practice

Training phase
We learn a score estimator 5(t, x) = V log p:(x).

For each gradient step:

1. Sample X; from the dataset, t ~ Unif([0, T])
and £ ~ N(0, Iy).

2. Form a noisy sample

Xt:e_tXf+UtE, Ot — \/1—ei2t.

3. Update the network by doing one gradient
step on

|3, %) + %EHZ.
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The algorithm in practice

Training phase Sampling phase
We learn a score estimator 5(t,x) ~ Vlog p:(x). We sample Xy which has law close to p*.

For each gradient step:

1. Sample X; from the dataset, t ~ Unif([0, T])
and £ ~ N(0, Iy).

2. Form a noisy sample

xt:e_tXf+UtE, Ot — \/1—ei2t.
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The algorithm in practice

Training phase
We learn a score estimator 5(t, x) = V log p:(x).

For each gradient step:

1.

Sample X; from the dataset, t ~ Unif([0, T])
and £ ~ N(0, Iy).

Form a noisy sample
v —t
the X,'+O't57 Ot = \/1—ei2t.

Update the network by doing one gradient
step on
N Ly 1 2
3t %) + 2™

w npoe

Sampling phase
We sample Xy which has law close to p*.

Initialize from pure noise Xo ~ N(0, Iy).
Discretize time 0 = to < t1 < --- < ty < T.

For k=0,...,N — 1, simulate the reverse
SDE

)_<k+1 = )_<k+ ()_<k+2§( T—tk, Xk)) At‘—l—\/iv Atfk,

with §k ~ N(O, /d)
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Understanding the error

Four levels of approximation

dX; = (xt (14 bY)s(T — t,Xt)) dt +v2b.dB:,  Xo~ pr,

Error decomposition
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dX. = ()"Q + (14 b7)s(T — t,)"(t)) dt +V2b:dB:,,  Xo ~ N(0,1y),

A

dX: = ( 4 (14 b2 §(T — tj(t)) dt +V2b;dB:,  Xo ~ N(0, 1),

Error decomposition
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df(t:<f<t (1+ b2)8(T —t,X,)) dt + /2 b; dB,

Error decomposition

Wz(p*, ‘6()_(’\/))

Wa(L(Xr), L(Xn))
Wa( L(X7), L(Xey)) +

early stopping

IN

XO ~ pT,
5<0 ~ N(Oa Id)7
Xo ~ N(0, o),

Xo ~ N(0, I).
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Understanding the error

Four levels of approximation

dX = (Xt+(1—|—b s(T— £, %) )dt—&—\ﬁbtdBt, Xo ~ pr,

Xk+1 Xk—f— (Xk+25 — i, Xk At + \/ZAtfk, )_(o '\-’./\/-(07 Id)~

dX.; = (Xt+(1+bt s(T —t,X;)) dt + /2 b; dB, Xo ~ N(0, I),

df(t:<f<t (1+ b2)8(T —t,X,)) dt + /2 b; dB, Xo ~ N(0, I),

Error decomposition

Wa(p*, £(Xn)) = Wa(L(X7), L(Xn))

< W2(£(XT)7 ‘C(XtN)) + W2(£(Xf/v)v ‘C()N(tN)) + W2(£()N<t/v)7 E()A(flv)) + WQ(E()A(fN)f E()_(N))
early stopping finite horizon score approximation time discretization
vd

<V T—tn+e T +Poly(d)nV? + R
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Conditional generation

New setup:
We now observe paired data (X;, C;), where C; is a condition (label, covariate, regime, side
information, ... ).

Goal:
For a fixed condition c, generate a new sample approximately distributed as

X~ p*(-| C = ).
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Conditional generation

New setup:
We now observe paired data (X;, C;), where C; is a condition (label, covariate, regime, side
information, ... ).

Goal:
For a fixed condition c, generate a new sample approximately distributed as

X~ p*(-| C = ).

Unconditional diffusion: V, log p;(x) = Conditional diffusion: V, log p:(x | ¢).
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Conditional denoising score matching

For the Gaussian channel
Xt = e_tX0+O't57 EN./\/((), /d)7

the score trick becomes

1
Vixlogpi(x | c) = E[—Ue

t

Xt:X, C:C:|
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Conditional denoising score matching

For the Gaussian channel
Xt = e_tX0+O't57 EN./\/((), /d)7

the score trick becomes

1
Vixlogpi(x | c) = E{—s

Ot

Xt = X, C= C:| .
Hence the conditional score is characterized by the regression problem

i

s* € argminkE
f

1
Hf(t,Xt, )+ —¢

Ot
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Conditional denoising score matching

For the Gaussian channel

Xt = e_tX0+O't57 EN./\/((), /d)7

the score trick becomes
1
Vilogpe(x | c) =E [—6

Ot

Xt:X, C:C:|

Hence the conditional score is characterized by the regression problem
2]

o(ti, e "X + orei, G) + ifii

Ot

1
s* € argminE Hf(t,Xt, )+ —e
f

Ot

Empirical loss:
n
S € argmin — Z
ses M4

Sampling: for a fixed ¢, run the reverse SDE with §(t, x, ¢) in place of 5(t, x). 223



Conditional score-based generation on two spheres

Target law: two class-conditional uniform spheres in 73

class 0: radius 1
class 1: radius 2
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Conditional score-based generation on two spheres

Target law: two class-conditional uniform spheres in 73 Conditional generation with a geometric reverse-time grid
class 0: radius 1 - class 0: radius 1
class 1: radius 2 class 1: radius 2

Figure 2: Left: target conditional distributions (uniform on two spheres in R*). Right: samples

generated by a conditional score-based model. 2323



